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ABSTRACT. The "Rouquier blocks" of the cyclotomic Hecke algebras, intro- 
duced by Rouquier, are a substitute for the "families of characters" , defined by 
Lusztig for Weyl groups, which can be applied to all complex reflection groups. 
In this article, we determine them for the cyclotomic Hecke algebras of the 
groups of the infinite series, G{de, e, r), thus completing their calculation for all 
I complex refiection groups. 
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^ ■ Introduction 

\^ ' Until recently, the lack of Kazhdan-Lusztig bases for the non-Coxeter complex 

. reflection groups did not allow the generalization of the notion of "families of 

characters" from Weyl groups to all complex reflection groups. However, thanks 
to the results of Gyoja [12] and Rouquier [21], we have obtained a substitute for 
the families of characters which can be applied to all complex reflection groups. 
In particular, Rouquier has proved that the families of characters of a Weyl 
1^ ■ group W coincide with the "Rouquier blocks" of the Iwahori-Hecke algebra of 

, W, i.e., its blocks over a suitable coeflicient ring. This deflnition generalizes 

to all complex reflection groups and we are grateful for this for the following 
reasons: 

On one hand, since the families of characters of a Weyl group play an es- 
sential role in the definition of the families of unipotent characters of the cor- 
QQ ■ responding finite reductive group (cf. [H]), the families of characters of the 

00 I cyclotomic Hecke algebras could play a key role in the organization of families 

O^l ' of unipotent characters in general. On the other hand, for some (non-Coxeter) 

I complex reflection groups W, we have data which seem to indicate that behind 

l/^ ■ the group W, there exists another mysterious object - the Spets (cf. |3], [TH]) - 

I that could play the role of the "scries of flnitc reductive groups of Weyl group 

W". 

In |2], Broue and Kim presented an algorithm for the determination of the 
Rouquier blocks of the cyclotomic Hecke algebras of the groups G{d, 1, r). Using 
k>( \ the generalization of some classic results, known as "Clifford theory" , they were 

}_j ■ able to obtain the Rouquier blocks for G{d, d, r) from those of G{d, 1, r). Later, 

\ Kim [131 generalized the methods used in [5] in order to obtain the Rouquier 

blocks of the cyclotomic Hecke algebras of G{de, e, r) from those of G{de, 1, r). 

As far as the exceptional complex reflection groups are concerned, some 
special cases were treated by Malle and Rouquier in [TH]. Finally, in [S], we 
gave the complete classification of the Rouquier blocks of the cyclotomic Hecke 
algebras for all exceptional complex reflection groups. 

However, recently it was realized that the algorithm of [5] for G{d, 1, r) does 
not work, unless d is a power of a prime number. In [7], we give the correct 
algorithm, which is more complicated than the one of [5]. Now, it remains to 
recalculate the Rouquier blocks of the cyclotomic Hecke algebras of G{de, e, r). 
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in order to complete the determination of the Rouquicr blocks for all complex 
reflection groups. 

Using the same idea as in [T3] , we apply "Cliff'ord theory" in order to obtain 
the Rouquier blocks for G{de, e, r) from those of G{de, 1, r). However, we point 
out that there is one case where this is not possible, that is, when r = 2 and e 
is even. In that case, we apply the same methods as in [5] in order to determine 
the Rouquicr blocks of the cyclotomic Hecke algebras of G(de, 2,2), and then 
"Clifford theory" in order to obtain the Rouquier blocks for G(de, e, 2). 

Finally, to every irreducible character of a cyclotomic Hecke algebra of a 
complex reflection group we can attach integers a and A, like Lusztig has done 
for Weyl groups. In [15], Lusztig shows that these integers are constant on 
families. Here, we complete the proof that a and A are constant on the Rouquier 
blocks of the cyclotomic Hecke algebras of all irreducible complex reflection 
groups, having already shown it for the exceptional ones (cf. [H]) and G{d, l,r) 

(cf. H). 

1 Blocks of symmetric algebras 

All the results of this section are presented here for the convenience of the reader. 
Their proofs can be found in the second chapter of [S]. 

1.1 Generalities on blocks 

Let us assume that O is a commutative integral domain with field of fractions 
F and A is an O-algebra, free and finitely generated as an O-module. 

Definition 1.1 The block-idempotents (blocks) of A are the primitive idempo- 
tents of Z A. 

Let K he a. field extension of F. Suppose that the if-algebra KA := K ®o 
A is semisimple. Then there exists a bijection between the set Irr(i^yl) of 
irreducible characters of KA and the set Bl(A'A) of blocks of KA: 

Irr(A'A) ^ m{KA) 

The following theorem establishes a relation between the blocks of the alge- 
bra A and the blocks of KA. 

Theorem 1.2 There exists a unique partition Bl(yl) oflir^KA) such that 

(1) For all B G B1(A), the idempotent cb X^xgb block of A. 

(2) For every central idempotent e of A, there exists a subset B1(A, e) ofJi\(A) 
such that 

e= ^B- 

BeBl(A,e) 

In particular, the set {eB}BeB\{A) set of all the blocks of A. 

li X ^ B for some B G Bl(^), we say that "x belongs to the block es". 
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1.2 Symmetric algebras 

From now on, wc make the following assumptions 
Assumptions 1.3 

(int) The ring O is a Noetherian and integrally closed domain with field of 
fractions F and A is an O- algebra which is free and finitely generated as 
an O-module. 

(spl) The field K is a finite Galois extension of F and the algebra KA is split 
(i.e., for every simple KA-module V , ¥iTi(1ka{V) — K) semisimple. 

Definition 1.4 We say that a linear map t : A ^ O is a symmetrizing form 
on A or that A is a symmetric algebra if 

(a) t is a trace function, i.e., t{ab) — t(ba) for all a,b A, 

(b) the morphism 



is an isomorphism of A-modules-A. 

Example 1.5 In the case where O = Z and A — Z[G] (G a finite group), we can 
define the following symmetrizing form ( "canonical" ) on ^ 



where ag £ Z for all g G G. 

From now on, let us suppose that A is a symmetric algebra with symmetriz- 
ing form t. By [9], we have the following results. 

Theorem-Definition 1.6 

1. We have 



XeIrr{KA) ^ 

where is the Schur element of x with respect to t. 
2. For all x G 1tt:{KA), the central primitive idempotent associated to x is 



where {ei)i^i is a basis of A over O and {e[)i^i is the dual basis with 
respect to t (i.e., tifiic'^) = Sij). 

Corollary 1.7 The blocks of A are the non-empty subsets B ofh:v{KA) mini- 
mal with respect to the property 



t:A^ Homc)(A, O), a i-> (x t{a){x) ■= t[ax)) 



t : Z[G] Z, Ugg I— > fli 





— X{a) e O, for all a € A. 
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Let us suppose now that O is a discrete valuation ring with unique prime 
ideal p and that K is the field of fractions of O. Then the following result gives 
a criterion for a block to be a singleton. 

Proposition 1.8 Let x £ Irr(/vA). The character x is a block of A by itself if 
and only if ^ p. 

Proof: If Sx ^ P' then l/s^ £ ^ ^-nd CoroUarv 11.71 implies that the char- 
acter X is a block of A by itself. The inverse is a consequence of a theorem by 
Geek and Rouquier (cf. [TD], Proposition 4.4). ■ 

1.3 Twisted symmetric algebras of finite groups 

Let A be an O-algebra such that the assumptions 11.31 are satisfied with a sym- 
metrizing form t. Let A be a subalgebra of A free and of finite rank as O-module. 

Definition 1.9 We say that A is a symmetric subalgebra of A, if it satisfies 
the following two conditions: 

(1) A is free (of finite rank) as an O-module and the restriction Rcs^(t) of the 
form t to A is a symmetrizing form on A, 

(2) A is free (of finite rank) as an A-module for the action of left multiplication 
by the elements of A. 

We denote by 

Ind^ :^ mod -^a mod and Res^ -.a mod -~^a mod 

the functors defined as usual by 

Ind^ A ®a ~ where A is viewed as an A- module- A 

and 

Res^ := A ^a — where A is viewed as an A-modvle-A. 

In the next sections, we will work on the Hecke algebras of complex reflection 
groups, which are symmetric. Sometimes the Hecke algebra of a group W 
appears as a symmetric subalgebra of the Hecke algebra of another group W, 
which contains W. Since we will be mostly interested in the determination 
of the blocks of these algebras, it would be helpful, if we could obtain the 
blocks of the former from the blocks of the latter. This is possible with the 
use of a generalization of some classic results, known as "Clifford theory" (see, 
for example, [^), to the twisted symmetric algebras of finite groups and more 
precisely of finite cyclic groups. 

Definition 1.10 We say that a symmetric O-algebra {A,t) is the twisted sym- 
metric algebra of a finite group G over the subalgebra A, if the following condi- 
tions are satisfied: 

• A is a symmetric subalgebra of A. 
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• There exists a family {Ag \ g £ G} of O-suhmodules of A such that 

(a) A = 0ggg Ag, 

(b) AgAh = Agh for all g, heG, 

(c) A, = A, 

(d) t{Ag) = for all g eG,g^ 1, 

(e) AgCi A^ ^0 for all g e G (where A'^ is the set of units of A). 
In particular, if Og ^ Ag H A^ , then we have Ag ~ OgA = Aog. 

Action of G on ZA 

From now on, wc assume that {A, t) is the twisted symmetric algebra of a finite 
group G over A and that K is an extension of F such that the algebras KA, 
KA and KG are split semisimple. 

Theorem-Definition 1.11 Let a E ZA and g <E G. There exists a unique 
element g (a) of A satisfying 

g{a)Q = ga for all g e Ag. 

If ag S A^ such that Ag = OgA, then 

g{a) ^ Ogdag'^. 

The map a t— > g(^d) defines an action of G as ring automorphism of ZA. 

Induction and restriction of K A-modu\es and if A-modules 

For all X G IrriKA), we denote by e(x) the block-idempotent of KA associated 
to X- If S G, then g{e{x)) is also a block of KA. Since KA is split semisimple, 
it must be associated to an irreducible character g{x) of KA. Thus, we can 
define an action of G on Irr(ifA) such that for all g G, e{g{x)) = ff(e(x))- 
We denote by the stabilizer of the character x in G and by 0. the orbit of x 
under the action of G. We have \Ct\ = |G|/|G^|. We define 

e-(n):= e"(5(x))= E 9{em- 

Case where G is cyclic 

Since the group G is abelian, the set Irr(7i'G) forms a group, which we de- 
note by G^. The application ip i-^ ip ■ ^, where ijj G lrT{KA) and ^ £ G^, defines 
an action of G^ on lrr{KA). Then we have the following result 

Proposition 1.12 // the group G is cyclic, there exists a bijection 

Iti{KA)/G ^ Irr(ifA)/G^ 

n ^ n 
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such that 

e{n) = e{n), \n\\n\ = \G\ and 



Vx e ^, Ind^^(x) = Eves2 X 



Moreover, for all x & ^ o,'<^d x G f2, we have 



Blocks of A and blocks of A 



Let us denote by Bl(^) the set of blocks of A and by Bl(^) the set of blocks of 
A. For b e B1(A), we set 

Tr(G,6):= ^ ^W- 

The algebra (ZA)^ is contained in both ZA and and the set of its blocks is 

B\{{ZAf) = {Tr(G, 6) I 6 G B1(A)/G}. 

Moreover, Tr(G, 5) is a sum of blocks of A and we define the subset Bl(v4, b) of 
B1(A) as follows 

Tr(G,6):= ^ 6. 

b£Bl(A,b) 

Lemma 1.13 Let b be a block of A and B := Irr(KAb). Then 

(1) For all X ^ B , we have G^ C G^. 

(2) We have 

Tr(G,5)= Tr(G,e-(x))= E 

X&B/G {f2|f2nB#0} 

Now let G^ := Hom(G, -ftT'' ). We suppose that K = F. The multiplication 
of the characters of KA by the characters of KG defines an action of the group 
G^ on Irr(_firA). This action is induced by the operation of G^ on the algebra 
A, which is defined in the following way: 

^ • {aug) := £.{g)aag for all ^ e G^, a S A, 5 e G. 

In particular, G^ acts on the set of blocks of A. Let 6 be a block of A. Denote 
by ^ • 6 the product of ^ and b and by (G^)b the stabilizer of b in G^. We set 

Tr(G^6):= ^ ^ ■ b. 

The set of blocks of the algebra (ZA)*^^ is given by 

B1((Z^)^") = {Tr(G^,6) | b e B1(A)/G^}. 
The following lemma is the analogue of Lemma 11.131 
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Lemma 1.14 Let b be a block of A and B := Irr(i^A&). Then 

(1) For all xeB, we have (G^)^ C {G'')b. 

(2) We have 

Tr(G^6)= Tr(G^e(x))= ^ ^(")- 

Case where G is cyclic 

For every orbit y of G^ on Bl(yl), we denote by b{y) the block of {ZA)^^ 
defined by 

b{y) 

bey 

For every orbit 3; of G on Bl(^), we denote by b{y) the block of {ZA)^ defined 

by 

b{y) ■.^Y. b- 

bey 

The following proposition results from Proposition 11.121 and Lemmas 11.131 and 

MM 

Proposition 1.15 // the group G is cyclic, there exists a bijection 

B\{A)/G <^ B1(A)/G^ 

y ^ y 

such that 

b{y) = b{y), 

i.e., 

Tr(G, b) = Tr(G'', 5) for all bey and bey. 
In particular, the algebras (ZAf^ and {ZA)'~^ have the same blocks. 

Corollary 1.16 If the blocks of A are stable by the action ofG^, then the blocks 
of A coincide with the blocks of {ZA)'^. 



2 Hecke algebras of complex reflection groups 

2.1 Generic Hecke algebras 

Let ^cx3 be the group of all the roots of unity in C and K a number field contained 
in Q(^cxd)- We denote by /i(A') the group of all the roots of unity of K. For 
every integer d > 1, we set Q := exp(27ri/c?) and denote by /i^ the group of all 
the c?-th roots of unity. 

Let y be a isT-vector space of finite dimension r. Let W be a finite subgroup 
of GL{y) generated by (pseudo-)reflections acting irreducibly on V . Let us 
denote by A the set of the reflecting hyperplanes of W . We set 7W := C V — 
UffG^C®i/. For a;o e M, let P := Ui{M,xo) and B := ni{M/W,xo). Then 
there exists a short exact sequence (cf. [J]): 

{1} ^ P ^ B {1}. 



7 



We denote by t the central element of P defined by the loop 



[0,1] ^M, t ^ exp{2TTit)xo. 

For every orbit C of on A, wc denote by ec the common order of the 
subgroups Wh, where H is any element of C and Wh the subgroup formed by 
idv and all the reflections fixing the hyperplane H. 

We choose a set of indetcrminates u = {ucj)(ciEA/w){o<j<ec-i) ^^'^ 
denote by Z[u, u~^] the Laurent polynomial ring in all the indetcrminates u. 
We define the generic Hecke algebra Ti. of W to be the quotient of the group 
algebra Z[u, u^^]_B by the ideal generated by the elements of the form 

(S - WC,o)(s - Uca) ■ ■ • (S - Uc^ec-l), 

where C runs over the set A/W and s runs over the set of monodromy generators 
around the images in M/W of the elements of the hyperplane orbit C. 

We make some assumptions for the algebra H. Note that they have been 
verified for all but a finite number of irreducible complex reflection groups ([3], 
remarks before 1.17, § 2; [TT]). 

Assumptions 2.1 The algebra Ti. is a free Z[u,u~^]-module of rank \W\. More- 
over, there exists a linear form t : Ti. Z[u, u^^] with the following properties: 

(1) t is a symmetrizing form on TL. 

(2) Via the specialization uc.j i— > Qc' form t becomes the canonical sym- 
metrizing form on the group algebra ZVF. 

(3) If we denote by a ^ a* the automorphism o/Z[u, u^^] consisting of the 
simultaneous inversion of the indetcrminates, then for all b G B , we have 

^ ' ~ tir) ■ 



We know that the form t is unique ([5], 2.1). From now on, let us suppose 
that the assumptions 12.11 are satisfied. Then we have the following result by 
G.Malle ([17], 5.2). 

Theorem 2.2 Let v = (wcj)(Ceyt/w)(o<j<ec-i) be a set of J^ceA/w^C in- 
detcrminates such that, for every C,j, we have I'c^j^'" = CeJ'^C.j- Then the 
K{w)-algebra K{w)'H is split semisimple. 

By "Tits' deformation theorem" (cf., for example, [3], 7.2), it follows that 
the specialization vc,j ^ 1 induces a bijection Xv from the set Irr(i^(v)H) 
of absolutely irreducible characters of K{v)T-C to the set Irr(VF) of absolutely 
irreducible characters of W. 

The following result concerning the form of the Schur elements associated 
with the irreducible characters of K(y)TL is proved in [S], Theorem 4.2.5, using 
case by case analysis. 
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Theorem 2.3 The Schur element s-^(y) associated with the character Xv of 
K{v)Ti. is an element o/Z/^[v, v^^] of the form: 

where 

• is an element ofLu, 

• N-^ = ric j ^c'^/ monomial in Za'[v,v^"'^] such that X^jlo'^ ^Cj' — 
for all C i A/'W, 

• ly. is an index set, 

• (\E'j^^i)ig/^ is a family of K-cyclotomic polynomials in one variable (i.e., 
minimal polynomials of the roots of unity over K ), 

• (Mp^^i)ig/^ is a family of monomials mZif[v,v~^] and if M^i = Y\c j'^c'^j' j 
then gcd(acj) — 1 and X^jlo^ "Cj = for all C G A/W , 

• (^x-ijieiy^ is a family of positive integers. 

This factorization is unique in A'[v, v~^]. Moreover, the monomials {M-^^i)i^j^ 
are unique up to inversion, whereas the coefficient is unique up to multipli- 
cation by a root of unity. 

Let A := Za'[v, v^^] and p be a prime ideal of Zk- 

Definition 2.4 Let M — Ylc j ''^(ff ^'^ monomial in A such that gcd{acj) — 
1. We say that M is p-essential for a character x G 1tt(W), if there exists a 
K-cyclotomic polynomial ^ such that 

• ^(Af) divides s^{v). 

• *(1) e p. 

We say that M is p-essential for W , if there exists a character x G Irr(VF) such 
that M is p-essential for x- 

The following proposition ([S], Proposition 3.1.3) gives a characterization of 
p-essential monomials, which plays an essential role in the proof of Theorem 

Proposition 2.5 Let AI = J^^ j ^c'j^ monomial in A such that gcd(ac.j) = 
1. We set qM := (M - 1)A + pA. Then 

1. The ideal C[m is a prime ideal of A. 

2. M is p-essential for x G Irr(VF) if and only if s^(v)/^^ G ^m- 

If M is a p-essential monomial for W , then Theorem 12.111 establishes a 
relation between the blocks of the algebra A^^jTi and the Rouquier blocks. The 
following results concerning the blocks of Ac^f^jH arc proven in [2, Propositions 
3.2.3 and 3.2.5. 
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Proposition 2.6 Let M = Ylc j '^c'^f ^ monomial in A such that gcd(acj) = 
1 and qM := [M - l)A + pA. Then 

L Lf two irreducible characters are in the same block of A^aH, then they are 
in the same block of A^j^^Ti. 

2. Lf C is a block of A^aH and M is not p-essential for any irreducible 
character in C, then C is a block of A^j^^Ti.. 

2.2 Cyclotomic Hecke algebras 

Let y be an indeterminate. We set q :— 

Definition 2.7 A cyclotomic specialization of TL is a 'LK-cdgehra morphism 
4> : Zx[v,v~"'^] Zx[2/, J/~^] with the following properties: 

• For all C G A/W , and if z is another indeterminate, the element of 
'^K[y,y^^,z] defined by 

ec-l 

rciy,z) := lliz-a^y"'^-) 

j=o 

is invariant by the action of GaX{K{y)/ K{q)). 

If (/) is a cyclotomic specialization of 7i, the corresponding cyclotomic LLecke 
algebra is the Zx[2/, y~^]-algebra, denoted by Ti^, which is obtained as the 
specialization of the Z;<-[v, v~^]-algebra TL via the morphism 0. It also has a 
symmetrizing form t^ defined as the specialization of the canonical form t. 

Remark: Sometimes we describe the morphism by the formula 

The following result is proved in [5], Proposition 4.3.4. 

Proposition 2.8 The algebra K{y)Ti^ is split semisimple. 

For y = 1 this algebra specializes to the group algebra KW (the form 
becoming the canonical form on the group algebra). Thus, by "Tits' deformation 
theorem" , the specialization vc.j ^ 1 induces the following bijections: 

lvi{K{w)H) ^ lTT{K{y)H4,) ^ Itt{W) 
Xv 1-^ X0 ^ X- 

2.3 Rouquier blocks of the cyclotomic Hecke algebras 

Definition 2.9 We call Rouquier ring of K and denote by TZK{y) the TLk- 
subalgebra of K{y) 

TlKiy) ■.= lK[y.y-\{y'' 
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Let (/) : vcj ^-^ y""^'^ be a cyclotomic specialization and Hcj, the correspond- 
ing cyclotomic Hecke algebra. The Rouquier blocks of TL^ are the blocks of the 
algebra TlKiy)^.^,. 

Remark: If we set q := then the corresponding cyclotomic Hecke al- 

gebra can be considered either over the ring Zi4-[?/, y~^] or over the ring 
^if We define the Rouquier blocks of to be the blocks of defined 

over the Rouquier ring TZk^v) in K{y). However, in other texts, as, for exam- 
ple, in [2], the Rouquier blocks are determined over the Rouquier ring TZxiq) 
in K{q). Since TZxiy) is the integral closure oili-Kiq) in K{y), Proposition [2], 
1.12 establishes a relation between the blocks of TZKiy)^^^ and the blocks of 
TZK{q)'H^. Moreover, in the case where TL is an Ariki-Koike algebra (see section 
3.2), they coincide (cf. |7], Proposition 3.6). 

Set O :~ TZxiy) and let p be a prime ideal of Z/^ . The ring O is a Dcdekind 
ring (cf., for example, [5], Proposition 4.4.2) and hence, its localization Opo 
at the prime ideal generated by p is a discrete valuation ring. Following [7], 
Proposition 2.14, we have: 

Proposition 2.10 Two characters x^ip ^ Itt(W) are in the same Rouquier 
block of Tifj, if and only if there exists a finite sequence XOj Xii • ■ • i Xn ^ Irr(VF) 
and a finite sequence pi, . . . , p„ of prime ideals ofZn such that 

• Xo = X and Xn ^, 

• for all j (1 < j <n), the characters Xj-i and Xj belong to the same block 
ofOp^oH^. 

The above proposition implies that if we know the blocks of the algebra 
OpoT^4> for every prime ideal of "Lk, then we know the Rouquier blocks of Ti^. 
In order to determine the former, we can use the following theorem ([5], Theorem 
3.3.2): 

Theorem 2.11 Let A := Z/^[v,v"i] andp be a prime ideal of Tin . Let A'li, . . . , 
be all the p-essential monomials for W such that = 1 for all j ~ 1^ . . . , k. 

Set qo := pA, := pA + [M^ ~ l)A forj = l,...,k and Q := {qo, qi, ■ . • , qfc}- 
Two irreducible characters x,"!/" G Irr(VF) are in the same block of Opo'^tp if 
and only if there exist a finite sequence X0:Xi7---iXn G Irr(W^) and a finite 
sequence q^^ , . . . , qj^ G Q such that 

• Xo = X and Xn = -0- 

• for all i (1 < i < n) , the characters Xi-i and Xi are in the same block of 

Let p be a prime ideal of Ik and </> : wc j i— > cyclotomic specialization. 

If i\/ = flj-, ^ v^'^ is a p-essential monomial for W ^ then 

0(A/) = 1 X! "Cj'^Cj = 0. 
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Set m := 



'CeA/w 



ec- The hyperplane defined in C™ by the relation 



C.J 



where (tcj)c,j is a set of m indeterminates, is cahed p-essential hyperplane for 
W. A hyperplane in C™ is called essential for VF, if it is p-essential for some 
prime ideal p of (Respectively, a monomial is called essential for W, if it is 
p-essential for some prime ideal p of Z^f). 

Definition 2.12 Let (j) : vc,j ^ ^ cyclotomic specialization such that 

the integers nc.j belong to only one essential hyperplane H (resp. to no essential 
hyperplane). We say that (j) is a cyclotomic specialization associated with the 
essential hyperplane H (resp. with no essential hyperplane). We call Rouquier 
blocks associated with the hyperplane H (resp. with no essential hyperplane) and 
denote by (resp. S**) the partition o/Irr(VF) into Rouquier blocks ofTi^. 

With the help of the above definition and thanks to Proposition 12.101 and 
Theorem l2.11l we obtain the following characterization for the Rouquier blocks 
of a cyclotomic Hecke algebra. 

Proposition 2.13 Let 4> : vcj ^ ^ cyclotomic specialization. If the 

integers ncj belong to no essential hyperplane, then the Rouquier blocks of the 
cyclotomic Hecke algebra TL^ coincide with the partition 6®. Otherwise, two 
irreducible characters x, V' G Irr(Ty) belong to the same Rouquier block of TL^ 
if and only if there exist a finite sequence XO: Xii ■ • ■ i Xn G Irr(VF) and a finite 
sequence Hi, . . . , Hn of essential hyperplanes that the nc.j belong to such that 

• Xo = X and Xn = "0; 

• for all i (1 < i < n), the characters Xi-i o,nd Xi belong to B^' . 

2.4 Functions a and A 

Following the notations in [3], 6B, for every element P{y) G 'C{y), we call 

• valuation of P{y) at y and denote by valj,(P) the order of P{y) at (we 
have valj^(P) < if is a pole of P{y) and valj^(P) > if is a zero of 



• degree of P{y) at y and denote by dcgy(P) the opposite of the valuation 



P{y)). 



oiP{l/y). 
Moreover, if q := then 



val,(P) : 



val^(P) 
HK)\ 



and deg^(P) : 



dcg.,(P) 



For X G Irr(W^), we define 



a 



•x<t> 



valg(sx^(y)) and A 



degg(sx*(2/))- 



The following result is proven in Proposition 2.9. 
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Proposition 2.14 Let %, f/j G Irr(M^). If Xct> o*^^ ^0 belong to the same 
Rouquier block, then 

The values of the functions a and A can be calculated from the generic Schur 
elements. In order to explain how, we need to introduce the following symbols: 

Definition 2.15 Let n G Z. We set 

• n+ := < ' ^ ' and (y")+ := n+. 

\ 0, ifn < 0. ^ 

( 71, ifn<0, , / „N_ 
' n = < „ .„ - „ and (y ) n . 
\ 0, ifn>0. ^ 

Now let us fix X G Irr(W^). Following the notations of Theorem 12.31 the 
generic Schur element s^(v) associated to x is an element of Zx[v, v^^] of the 
form: 

Sx(v)=ex^^x^*x.(^x.)"-^ (t) 

We fix the factorization (f) for s^{v). The following result is used in |B] in 
order to obtain that the functions a and A are constant on the Rouquier blocks 
of the cyclotomic Hecke algebras of the exceptional complex reflection groups. 

Proposition 2.16 Let (f> : vcj '-^ y"'^'-' be a cyclotomic specialization. Then 

• deg,(s^,(y)) = +'/'(^x)~ +E,;e/, n-,,,deg(*^,,)((/<(M^,.))+ . 

3 Rouquier blocks of the cyclotomic Hecke al- 
gebras of G{de, e,r), r > 2 

In [13] , Kim determined the Rouquier blocks for the cyclotomic Hecke algebras 
of G{de, e, r), following the method used in [5] for G{d, d, r): CHfford theory to 
obtain the blocks of G{de, e, r) from the blocks of G{de, 1, r). However, due to 
the incorrect determination of the Rouquier blocks for G{de, l,r) in [5], we will 
proceed here to some modifications to the results and their proofs. Moreover, in 
the next section, we'll explain why we have to distinguish the case where r — 2 
(more precisely, where r = 2 and e is even). 

3.1 Combinatorics 

Let A = (Ai, A2, . . . , A/i) be a partition, i.e., a finite decreasing sequence of 
positive integers Ai > A2 > • • • > A^. > 1. The integer |A| := Ai + A2 + • • • + Xh 
is called the size of X. We also say that X is a partition of \X\. The integer h 
is called the height of X and we set hx := h. To each partition A we associate 
its (3-number, f3\ = /32, • ■ • , Ph), defined by 

Pi := h + Xi - 1, P2 ■■= h + X2 - 2, . . . , I3h := h + Xh - h. 
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Mult ipart it ions 

From now on, let d be a positive integer. Let A = (A^''^ A'^"'^-', . . . , A^''"^^) be a 
d-partition, i.e., a family of d partitions indexed by the set {0, 1, . . . , d— 1}. We 
set 

and we have 

x(^)^^x[''\xi''\...,x[t). 

The integer 

|A| :=X:iA^''^l 

is called the size of X. We also say that X is a d-partition of |A|. 
Ordinary symbols 

If (3 = {Pi, (32, ■ ■ ■ , Ph) is a sequence of positive integers such that /3i > /?2 > 
■ ■ ■ > (3h and m is a positive integer, then the m- "shifted" of (3 is the sequence 
of numbers defined by 

/3[m] ~ {f3i + m, (32 + m, . . . , f3h + m,m - l,m - 2, . . . 

Let A = (A^"), A(i), . . . , A^'^^i)) be a d-partition. We call d-height of X the 
family (/i^, M^), . . . , /i^'^-i)) and we define the height of X to be the integer 

hx max {/i*"' | (0 < a < d - 1)}. 

Definition 3.1 The ordinary standard symbol of X is the family of numbers 
defined by Bx = {B^°\B^^\ . . .,B^'^-^^), where, for all a {0 < a < d - 1), we 
have 

The ordinary content of a d-partition of ordinary standard symbol Bx is the 
multiset 

ContA = U U • • • U B^'^~^\ 

Charged symbols 

Assume that we have a given "weight system", i.e., a family of integers 

m:= (m(°),mW,...,m(''-i)). 

Let A = {X^°\ X'^^\ . . . , X^'^~^'>) be a d-partition. We caU {d,m) -charged 
height of X the family {hc'^'^\ hc^^\ . . . , /ic*^''"^-'), where 

hcW hiO) _ ^(0)^ ;,(i) _ ^(1)^ . . . ^ ^(rf-i) _ ^{d-l) _ 

We define the m-charged height of X to be the integer 

hex ■■= max {/ic^"' | (0 < a < d - 1)}. 



14 



Definition 3.2 The m-charged standard symbol of A is the family of numbers 
defined by Bcx = {Bc^^\Bc^^\ . . . , Bc^'^-^)), where, for all a {0 < a < d - 1), 
we have 

Remark: The ordinary standard symbol corresponds to the weight system 
^(0) ^ ^(1) = . .. = m('^-i) = 0. 

The m-charged content of a o?-partition of m-charged standard symbol Bcx 
is the multiset 

ContcA Bc(°) U Bc(i) U • ■ • U Bc^'^-^'. 
3.2 Ariki-Koike algebras 

The group G(d, l,r) is the group of all monomial r x r matrices with entries 
in /irf. It is isomorphic to the wreath product fid I &r and its field of definition 
is K :— Q{Cd)- Its irreducible characters are indexed by the d-partitions of r. 
If A is a d-partition of r, then we denote by x\ the corresponding irreducible 
character of G{d, l,r). 

The generic Ariki-Koike algebra is the algebra Tid.r generated over the Lau- 
rent polynomial ring in d -|- 1 indeterminates 

by the elements s, ti, t2, . . . , t,._i satisfying the relations 

• stisti = tistis, stj = tjS for j 1, 

• (S - Uo)(s - Ui) • • • (S - Ud-l) = {tj - x){tj + 1) = 0. 

Let 

A.f ^j^Cdr\ (o<j<d), 

^ ■ \ x^q^ 

be a cyclotomic specialization for Ti^.r- Thanks to Proposition l2.131 in order to 
determine the Rouquier blocks of {Ti.d,r)ct> ^'''^ ^'^y ^t suffices to determine the 
Rouquier blocks associated with no and each essential hyperplane for G((i, 1, r). 
Following [7], the essential hyperplanes for G{d, 1, r) are 

• kN + Ms - Mt = 0, where -r < k < r and < s < t < d such that Q - 
belongs to a prime ideal of 

• iV = 0. 

We have proved that (cf. [7], Propositions 3.12, 3.15, 3.17) 
Theorem 3.3 

1. The Rouquier blocks associated with no essential hyperplane are trivial. 

2. Two irreducible characters xx cind Xp, belong to the same Rouquier block 
associated with the essential hyperplane kN + Ms — Mt ^ if and only if 
the following two conditions are satisfied: 



15 



• We have A^") = /i^") for all a ^ {s,t}. 

• //A"* := (A^'^^AW) and ^i"* := Ai^*'), i/iera ContcA.* = Contc^.t 
wit/i respect to the weight system {0,k). 

3. Two irreducible characters xx cii^d, Xp, belong to the same Rouquier block 
associated with the essential hyperplane N = if and only z/|A^''-'| — 
for all a = 0,1, ... ,d — 1. 

Following Proposition l2.13l the above theorem gives us an algorithm for the 
determination of the Rouquier blocks of any cyclotomic Ariki-Koike algebra (cf. 
[7], Theorem 3.18). 

3.3 Rouquier blocks for G{de,e,r), r > 2 

The group G{de, e, r) is the group of all r x r monomial matrices with entries 
in ^Lde such that the product of all non-zero entries lies in ■ 

Following Ariki [T], we define the Hecke algebra of G{de,e,r), r > 2, to 
be the algebra 'Hde,e,r generated over the Laurent polynomial ring in d + 1 
indeterminates 

^[X(),Xq ,Xl,X-^ , . . . ,Xd—l,X^_^, z, z ] 

by the elements ao, ai, . . . , satisfying the relations 

• (ao - a;o)(ao - xi) ■ ■ ■ (oq - Xd-i) = {a.j ~ z){aj + 1) = for j ^l,...,r, 

• aia^ai = asaifls, ajOj-^iaj ~ aj+iajaj+i for j = 2, . . . ,r — 1, 

• aia2a3aia2a3 — a3aia2a3aia2, 

• aiOj = ajOi for j ~ A, . . . ,r, 

• OiOj = OjOi for 2 < i < j < r with j — i > 1, 

• 000102 ~ (z~-^oi02)^~'^020oai + (z - 1) X]fe=i(-2^~"^'^i«2)^~'^aoai — aia2ao, 

• OoOj = OjOo for j ~ 3, . . . ,r. 

Let 

^ f x.^cy^^ {0<j<d), 

be a cyclotomic specialization for TCde,e,r- In order to determine the Rouquier 
blocks of (TLde,e,r)«, wc might as well consider the cyclotomic specialization 

^. / ^j^Cl""'' {0<J<d), 

Since the integers {(wj)o<j<d, and {(emj)o<j<(i, en} belong to the same es- 
sential hyperplanes for G{de,e,r), Proposition 12.131 implies that the Rouquier 
blocks of {'Hde,e,r)-d coincidc with the Rouquier blocks of {'Hde,e,r)cj>- 

We now consider the generic Ariki-Koike algebra 'Hde,r generated over the 
ring 
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by the elements s,ti,t2, . . . ,tr-i satisfying the relations described in the defi- 
nition of section 3.2. Let 



""j ^ (del"'' (0 < j < de, rij := TUj modd), 
X I— > q*^" 



be the "corresponding" cyclotomic specialization for Ti.de,r, the specializa- 
tion with respect to the weight system 

(mo,TOi, . . . ,TOd_i,TOo,mi, . . .,md-i, . . . ,mo,TOi, . . . ,TOd_i). 

Set H :— {'Hde,r)<t>' and let be the subalgebra of TL generated by 



We have 

n - (dl"""' ) = (ti - 9'") (ti + 1) = (t. - 9™)(t. + 1) = for z = 1, . . . , r - 1. 

Then, by [T], Proposition 1.16, we know that the algebra {7ide.e,r)rf> is isomorphic 
to the algebra Ti. via the morphism 

flQ i-^ s*^, fli I— > ti, aj i-^ tj_i (2 < J < ?'). 

The following result is due to Kim ([13], Proposition 3.1). 

Proposition 3.4 The algebra Ti. is a free TL-module of rank e with basis {1, s, . . . , s 
i.e., 

n = H (s sH ® ■ ■ ■ (s s^-^n. 

By [3], Proposition 1.18, the algebra Ti is symmetric and is a symmet- 
ric subalgebra of Ti. In particular, following Definition 11.101 Ti is the twisted 
symmetric algebra of the cyclic group of order e over Ti (since s is a unit in 
Ti). Therefore, we can apply Proposition 11.151 and obtain (using the notations 
of section 1.3): 

Proposition 3.5 // G is the cyclic group of order e and K :~ Q(Cde)> then 
the block-idempotents of {ZTZK{q)Ti)^ coincide with the block-idempotents of 
{ZTZK{q)Ti)''^ , where TZK{q) is the Rouquier ring of K . 

The action of the cyclic group of order e on Irr(/v (q)?^) corresponds to the 
action generated by the cyclic permutation by d-packages on the de-partitions 
(cf., for example, [17], §4. A): 

Td : (AW, . . . , A('^-i), At"^), . . . , At^''-!), . . . , \i-d-d)^ ^ X^ed-l)-j 

More generally, the symmetric group 6de acts naturally on the set of de- 
partitions of r : If T G &de and ly ~ (i^'^'^^ . . . , j/'^''"^"^)) is a de-partition 
of r, then r(zy) := (i/(^(o)), . . . , i/(^('^^-i))). The group G"" is the cyclic 

subgroup of &de generated by the element 

d-l e-1 

^'i= n U'^j^j+kd). 

j=0 fc=l 
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Recall that Ti is the cyclotomic Ariki-Koike algebra of G{de, 1, r) correspond- 
ing to the weight system 

(too,toi, . . . ,77id-i,TOo,"ii, . . . ,md_i, . . . ,mo,TOi, . . . ,TOd-i)- 

Following Proposition l2.13l the Rouquicr blocks of H arc unions of the Rouquier 
blocks associated with the essential hyperplancs of the form 

M^+kd = Mj+id iO<j<d){0<k<l<e). 

In order to show that the Rouquier blocks of H are stable under the action of 
G^, it suffices to prove the following lemma: 

Lemma 3.6 Let X be a de-partition of r, j G {0, . . . , d — 1} and k G {1, . . . , e — 

1}. If fJ- ~ {j, j + kd)X, then xx o-nd Xpt belong to the same Rouquier block ofTi. 

Proof: Suppose that e = Pi^P2^ • • 'PnTj where pi are prime numbers such 
that ps ^ pt for s ^ t. For s G {1,2, ...,to}, we set Cg '■— e/p'^". Then 
gcd(cs) = 1 and by Bezout's theorem, there exist integers (&s)i<s<m such that 
^'^^^ ~ ^- Consequently, k = ^^sCs- We set ks := kbgCs- 

For all s G {1, 2, . . . , m}, the element 1 — Ce" belongs to the prime ideal of 
^[Cde] lying over the prime number Ps- So does 1 — . Now set 

s 

Iq := and Ig := kt (mode). 

t=i 

We have that the element Cd^'^""* " Cdt^"'' = Cdt'^'^^i^ " CeO belongs to the 
prime ideal of Z[(^de] lying over the prime number ps- Therefore, the hyperplane 
Afj_|_;^_jd = Mj-^-i^d is essential for G((ie,l,r). Following the characterization 
of the Rouquier blocks associated with that hyperplane by Theorem 13.31 and 
the fact that the ordinary content is stable under the action of a transposition, 
we obtain that the Rouquier blocks of Ti are stabilized by the action of cts 
{j + ls-idj + lsd). Set 

CT := (Tl O (72 ° ■ • • O (Tm-l ° fjTi O CTm-l O ■ • • O (72 O (7i . 

Then the characters x\ a-nd Xcr(A) belong to the same Rouquier block of Ti.. It 
easy to check that (7(A) = /i. ■ 

Now the following result is immediate. 

Proposition 3.7 If X is a de-partition of r, then the characters x\ o.i^'d Xrd(A) 
belong to the same Rouquier block of Ti. Therefore, the blocks of TZKiq)!^. are 
stable under the action of . 

Thanks to the above result, Proposition [33] now reads as follows: 

Corollary 3.8 The block-idempotents of {ZTZK{q)'H)'^ coincide with the block- 
idempotents of TZKiq)!^-- 

Before we state our main result on the determination of the Rouquier blocks 
of Ti, we will introduce the notion of "li-stuttering c?e-partition" , following [13j . 
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Definition 3.9 Let X be a de-partition of r. We say that X is d-stuttering, if 
it's fixed by the action of G^, i.e., if it's of the form 

X = (AW, . . . , At"^-!), A("), . . . , X^^~'\ . . . , AW, . . . , A('^-i)), 

where the first d partitions are repeated e times. 

We are now ready to prove the main result: 

Theorem 3.10 Let X be a de- partition ofr andxx the corresponding irreducible 
character of G{de,l,r). We define lTT(K(q)'H)x to be the subset of liv{K{q)'H) 
with the property: 

Xel-rr(K(q)H)x 

Then 

L If X is d-stuttering and x\ is a block of TZk {q)7i by itself then there are e 
irreducible characters (x)xeirr(A:((})w)A ■ Each of these characters is a block 
of TZK(g)'H by itself. 

2. The other blocks of TZk{q)'H are in bijection with the blocks of TZk{q)'H 
via the map of Provosition U. 151 i.e., the corresponding block-idempotents 
of TZiiiqj'H coincide with the remaining block-idempotents o/ 7?./<-((7)7i. 

Proof: We will use here the notations of Propositions 11.121 and 11.151 

If A is a d-stuttering partition, then it is the only element in its orbit 
under the action of G^. We have that — \G\ — e, whence there exist 

e elements in H = liv{K{q)'H)\. If x G then its Schur element s^ is equal 
to the Schur element sx of xx- If Xa is a block of TlK{q)'H by itself, then, by 
Propositions I2.1U1 and [LSI sx is invertible in TZxiq) and so is s^. Thus, x is a 
block of TZK{q)'H by itself. 

If A is not a d-stuttering partition and b is the block containing xa, then, 
in order to establish the desired bijection, we have to show that the block b of 
TZK{q)'H which contains a character in lrr{K{q)'H)x is fixed by the action of 
G, i.e., that b = Tr(G,&). Thanks to the lemma that follows this theorem, for 
aU prime divisor p of e, there exists a de-partition X{p) of r such that Xa(p) 
belongs to b and the order of G^^^^^ is not divisible by p. By Proposition 1 1.1 21 
we know that for each x G ^i^i^{K{q)'H)x{p), we have |G^^^^J|G^| = e. Thus, 
G^l is divisible by the largest power of p dividing e. Since b = Tr(G, 6), the 
elements of lTi{K{q)'H)x(p) belong to blocks of 7?._R-(g)7Y conjugate of b by G, 
whose stabilizer is Gj. By Lemma Il.l3f 1). we obtain that, for every prime 
number p, |G^| is divisible by the largest power of p dividing e. Thus, Gi = G 
and Tr(G, b) = b. 

It remains to show that if A is a d-stuttering partition and xa is not a block 
of TiK{q)Ti- by itself, then there exists a partition ^ such that xa and Xfj. belong 
to the same block of 'R,K{q)'H and pi is not d-stuttering. Then the second case 
described above covers our needs. 

If A is a d-stuttering partition, then the description of the Schur elements for 
Ti (cf., for example, [20j, Corollary 6.5) implies that the essential hyperplanes 
of the form 

Mj+kd = Mj+id {0<j<d){0<k<l<e), 
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are not essential for x\- If now xa is not a block of 7?._R-(g)'H by itself, then, by 
Proposition 1 2 . 1 3l there exists a de-partition X such that x\ and X/j belong 
to the same Rouquier block associated with another essential hyperplane H for 
G{de, 1, r) such that the integers {(rij)o<j<tie, en} belong to H. 

If is TV = 0, then, by Theorem [331 we have |A(")| = \fi^'''>\ for all a = 
0, 1, . . . , c?e — 1. Since A ^ there exists s £ {0, 1, . . . , rfe — 1} such that 
a''*' 7^ If ly is the partition obtained from A by exchanging A^'*-' and z^^*'-', 

then x\ a-nd Xf belong to the same block of TZK{q)'H and v is not d-stuttering. 

If H is of the form kN+Mg-Mt = 0, where ~r < k < r and < s < t < de, 
then a'") = for all a ^ s,t. If s ^ tmodd or e > 2, then /i can not be 
d-stuttering. Suppose now that s = tmodd and e = 2. As mentioned above, 
the hyperplane Mg = Mt is not essential for xa, whence k ^ 0. Since the in- 
tegers {(nj)o<j<£ie, en} belong to H and rij = rit, we must have n = 0. If /i is 
d-stuttering, then = and we deduce that {fi^'^l = |//(*)| = |A(*)| = |A(")|. 
Let v be the de-partition obtained from A by replacing A*-*-* with /i^*^. Then v 
is not d-stuttering and the characters xa and Xi^ belong to the same Rouquier 
block associated with the essential hyperplane N = 0. Since n = 0, Proposition 
12.131 imphcs that xa and Xv belong to the same block of TZK{q)'H. ■ 

Lemma 3.11 //A is not a d-stuttering partition of r and p is a prime divisor 
of e, then there exists a de-partition \{p) of r such that x\ o-i^-d X\(p) belong to 
the same block of TZk{(1)'H and the order of G^^^ ^ is not divisible by p. 

Proof: If A = (A^, . . . , A^-^-^), A^''), . . . , A^^'^-i), . . . , A^^''"''), . . . , A(^'^-i)), 
then, for i = 0, 1, . . . , e — 1, we define the d-partition A^ as follows: 

A, := (A(''^),A('''+i),...,A(«^+'^-i)). 

Then A = (Ao, Ai, . . . , Ae_i). Since A isn't d-stuttering, there exists m € {0, 1, . . . , e— 
1} such that Ao 7^ A„i. We denote by \{p) the partition obtained from A by 
exchanging Am and Xe/p- Due to Lemma [3.61 the characters xa and Xa(p) be- 
long to the same block of 1ZK{q)'H. Moreover, by construction, the de- partition 
X{p) isn't fixed by the generator of the unique subgroup of order p of G^, which 
proves that the order of its stabilizer is prime to p. I 



Functions a and A 

• The description of the Rouquier blocks of by Theorem 13. 101 

• the relation between the Schur elements of and the Schur elements of 
Ti given by Proposition 1 1.1 21 

• and the invariancc of the integers Oy- and on the Rouquier blocks of 
7Y, resulting from propositions [5], 3.18, and [7], 3.21 imply that 

Proposition 3.12 The valuations and the degrees of the Schur elements 
are constant on the Rouquier blocks ofH. 
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4 Rouquier blocks of the cyclotomic Hecke al- 
gebras of G{de, e, 2) 

If the integer e is odd, then the Hecke algebra of the group G{de, e, 2) can be 
viewed as a symmetric subalgebra of a Hecke algebra of the group G{de, 1,2) 
and all the results of the previous section hold. 

If e is even, this can't be done, because there exist three orbits of reflecting 
hyperplanes under the action of the group. Following [T], Proposition 1.16, 
Malle shows (cf. [THj, Proposition 3.9) that the Hecke algebra of the group 
G{de, e, 2) can be viewed as a symmetric subalgebra of a Hecke algebra of the 
group G{de,2,2) and thus, we can apply Clifford theory in order to obtain the 
blocks of the former from the blocks of the latter. 

4.1 Rouquier blocks for ^(2^, 2, 2) 

Let d > 1. The group G{2d, 2, 2) has Ad irreducible characters of degree 1, 

Xvk {0<t,j <l){0<k <d), 
and d^ — d irreducible characters of degree 2, 

xli,xli iO< k^Kd), 

■4-1 1,2 1.2 

With Xki = Xik ■ 

The generic Hecke algebra of the group G{2d, 2,2) is the algebra 7id gener- 
ated over the Laurent polynomial ring in d + 4 indeterminates 

Z[a;o,Xo \a;i,a;J"\yo,% ^yl'y^^^o,Zc^^^l'^^^ • ■ ■ , Zd-i, z';^\] 
by the elements s, t, u satisfying the relations 

• stu ~ tus = ust, 

• (s - xo){s - xi) = (t - yo){t - yi) = {u - zo){u - zi) ■ • • (u - Zd-i) = 0. 

The following theorem ([16], Theorem 3.11) gives a description of the generic 
Schur elements for G(2d, 2, 2). 

Theorem 4.1 Let us denote by (f>i the first Q-cyclotomic polynomial (i.e., 
^i{q) ^ q — I ). The generic Schur elements for Jid are given by 

<^l{x^x-^y) ■ $i(2/j2/r-j) ■ nf=o,;^fc(*i(^fe^r') ■ '^li^.x-yy^y-yzuz-^)) 

for the linear characters Xijk, o,nd 

with Xf := Xi, Yf :~ yj, Z\ := z^, for the characters Xkf '^f degree 2. 



21 



The field of definition of G(2d, 2, 2) is K := Q{C2d)- Following Theorem[121 
if we set 

A-f (^)l := {-l)-'x^ for i = 0, 1, J^/^^'^" := {-ly^Vj for j = 0, 1 

and 

^MK)\ ^-k^^ fc 0, 1, ■ • • , - 1, 
then the algebra K{Xq, Xi, yo, 3^i, Zq, Zi, . . . , Zd-i)'Hd is split semisimple. 

Let 3 be the prime ideal of 'i[C,2d] lying over 2. The description of the 
generic Schur elements by Theorem 14.11 implies that the essential monomials for 
G(2d, 2, 2) are 

• XaX^^ (3-essential), 

• y^yi^ (U-essential), 

• ZkZj^^, where < k < I < d such that C| ~ Cd belongs to a prime ideal p 
of Z[C,2d] (p-essential), 

• A'^A'^r.^^j^fi^ZfeZf \ where 0<i,j<landO<fc<;<d such that 
Cd ~ Cd belongs to a prime ideal p of 'L\C,id\ (p-essential). 

Let (/) be a cyclotomic specialization for Ti^, *-e-, a Z^f-algebra morphism of 
the form 

</):^, ^2/-^% y.^y''', Zu^v^K 
Set q := yl^^^)!. Then can be described as follows: 



Due to Proposition 12.81 "Tits' deformation theorem" implies that the spe- 
cialization y ^ 1 induces a bijection 

Irr(i^(y)(Hd)^) ^ Irr(G(2d, 2, 2)) 
X<t> ^ X- 

For X G Irr(G(2(i, 2, 2)), let s^^ be the corresponding cyclotomic Schur element. 
As in section 2.4, we set 

"x* := valg(sx*(y)) = — |^^^^^^ and A^^ := dcg^{s^^{y)) = ^-^^ . 

Then, by Proposition I2.14[ we have that if two irreducible characters x</> and 
ipc/) belong to the same Rouquier block of {'Hd)4,, then 

Thanks to the formulas of Proposition 12.161 the following result derives imme- 
diately from the description of the generic Schur elements by Theorem 14. II 
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Proposition 4.2 Let x G Irr(G(2(i, 2, 2)). If x is a linear character Xijk, then 

d-l 

a^^ + A^^ = d(ai - a^-i + hj - bi^j + 2ck) - 2 ^ c;. 

1=0 

If X '^s a character Xkf of degree 2, then 

d-l 

"x* + ^x* = d{ck + q) - 2 ^ C,n. 

m=0 

Following Proposition l2.13[ in order to determine the Rouquier blocks of the 
cyclotomic Hecke algebras of G{2d,2,2), it suffices to determine the Rouquier 
blocks associated with its essential liyperplanes. 

Theorem 4.3 For the group G{2d,2,2), we have that 

(1) The non-trivial Rouquier blocks associated with no essential hyperplane are 

{xli,xli} for allO<k<l<d. 

(2) The non-trivial Rouquier blocks associated with the 3-essential hyperplane 
Aq — Ai are 

{Xojk,Xi]k} for alio < j <l and < k < d, 
{xli.xli} for alio <k<l< d. 

(3) The non-trivial Rouquier blocks associated with the 3-essential hyperplane 
Bq = Bi are 

{XiOk,Xiik} for alio <i <1 and < k < d, 
{xli.xli} for alio <k<l< d. 

(4) The non-trivial Rouquier blocks associated with the p-essential hyperplane 
Ck^Ci {0<k <l <d) are 

{Xi]k,Xi]i} for alio <i,j <1, 
{xlm^xlm^xlm,xfm} for all < m< d with m ^ {k,l}, 
{XkhXki}^ 

{Xrsi Xrs} for all < r < s < d with r,s ^ {k, I}. 

(5) The non-trivial Rouquier blocks associated with the p-essential hyperplane 
A^ - Ai^^ + Bj - Bi^j +Ck-Ci=0 {0<i,j <l) {0 < k < I < d) are 

{Xrsi Xrs} for all < r < s < d with (r, s) / (fc, I). 
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Proof: Following Definition 12.121 in each case, we need to determine the 
Rouquier blocks of a cyclotomic Hecke algebra obtained via a specialization 
associated with the corresponding essential hyperplane. We recall that, due to 
Proposition [131 if a hyperplane is essential for an irreducible character x, then 
X isn't a Rouquier block by itself. Moreover, the first part of Proposition 12.61 
implies that the Rouquier blocks associated with an essential hyperplane are 
unions of the Rouquier blocks associated with no essential hyperplane. 

(1) Let 4> be any cyclotomic specialization associated with no essential hyper- 
plane. Due to Proposition 1 1.81 each linear character is a Rouquier block by 
itself, whereas any character of degree 2 isn't. Now, by Proposition 12.141 
we have that if two irreducible characters X4> and iprp belong to the same 
Rouquier block of (Tid)^, then a^^ + A-^^ = a^^ + A^^. The formulas of 
Proposition l4.2l implv that the character x\i {0 < k < I < d) can be in the 
same block only with the character Xki- 

(2) Let (j) be any cyclotomic specialization associated with the 3-essential hyper- 
plane Aq = Ai. Since this isn't an essential hyperplane for the characters 
of degree 2, Proposition 12.61 imphes that {xli'Xii} ^ Rouquier block of 
{Tid)4: for all < fc < ^ < d. Now, the hyperplane Aq = Ai is 3-essential for 
all characters of degree 1 and thus, by Proposition 1 1.81 the linear characters 
don't form blocks by themselves. Due to Proposition 12.141 the formulas of 
Proposition 14.21 implv that the character Xojk (0 < j < 1, < fc < d) can 
be in the same block only with the character Xijk- 

(3) For the 3-essential hyperplane Bq = Bi, we use the same method as in the 
previous case. 

(4) Let 4> he a cyclotomic specialization associated with the p-essential hyper- 
plane Cfc = C/, where < k < I < d. Since the Rouquier blocks associated 
with an essential hyperplane are unions of the Rouquier blocks associated 
with no essential hyperplane, the characters xls ^^'^ Xrs the same 
Rouquier block of {Hd)ct, for all < r < s < d. 

The hyperplane Ck = Ci is p-essential for the linear characters 

Xijk,Xiji for aU < i,j < 1, 
and the characters of degree 2 

xL> xL> Xzm: xL for all < m < d with m ^ {k, I}. 
Due to Proposition 12.141 the formulas of Proposition 14.21 imply that 

• the character Xijk (0 < i,j < 1) can be in the same block only with 
the character Xijh 

• the character xim (0 < m < d and m ^ {fc, I}) can be in the same 
block only with the characters xL' xL- xL- 

Let m e {0, 1, . . . , d— 1} \ {/c, I}. We have that the characters xlm ^^'^ xlm 
are in the same Rouquier block of (Tid)^- The same holds for the characters 
xlm ^^'^ xfrn- Therefore, in order to obtain the desired result, it is enough 
to show that {xlm^xlm} i^^'* ^ Rouquier block of (Hd)^,- 
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Following [TB], Table 3.10, there exists an element Ti of Hd such that 

Xk,n{Tl) = xlmiTl) =Xo+Xi. 

Let O be the Rouquier ring of K. Suppose that {xlrmXim} ^ block of 
Opoi'M.djcf)- Then, by Corollary 1 1.71 we must have 

'/'(xLm)) , HxlmiTl)) , . , . / 1 , _J_\ ^ 

Since (f) is associated with the hyperplane Ck ~ Ci, we have that 
and thus we obtain that 

1 1 



Using the formulas of Theorem 14.11 we can easily calculate that the above 
element doesn't belong to O^o- 

(5) Let be a cyclotomic specialization associated with the p-essential hyper- 
plane Ai — A\-i + Bj — Bi-j + Ck — Ci =0, where < i,j < 1 and 
< k < I < d. This hyperplane is p-cssential for the following characters: 

Xzjk,Xi-Li-j,i and xli or xli- 

Let O be the Rouquier ring of K. If the hyperplane is essential for only 
three characters, then, due to Proposition 1 1.81 these three characters are in 
the same block of Opo(7irf)<^. Otherwise, using the same argument as in the 
previous case, we can prove that all four characters are in the same block 
of Opo{'Hd)ci>- Now, by Proposition 12. 10[ the Rouquier blocks of {Ti.d)<i, are 
unions of the blocks of Opo{Hd)cj, and OjoiT^djip- Therefore, the non-trivial 
Rouquier blocks of {Ti.d)<t, are 

{x.,k,xi-.i-,,i,xh,xlA, 

{xls^xls} for aU < r < s < d with (r, s) ^ (fc, I). 



We are now going to prove the following desired result about the functions 
a and A: 

Proposition 4.4 Let 4> : Xi ^ (— l)*g"', yj ^ {—iyq''\ Zk >-> Cd'f' °' 
cyclotomic specialization for Tid ■ If the irreducible characters and iptf, belong 
to the same Rouquier block of {Tid)rp, then 

'^X<l> ~ '^^<t> ""-'^ ^X4> ~ ^lf>4> ■ 
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Proof: Thanks to Proposition 12.131 it suffices to show that the valuations 
ay_^ and the degrees of the Schur elements are constant on the Rouquier 
blocks associated with an essential hyperplane H (resp. no essential hyper- 
plane), when the integers a^, bj, Ck belong to the hyperplane H (resp. no essen- 
tial hyperplane). 

First, due to the description of the Schur elements by Theorem 14 . 1 1 and the 
formulas of Proposition 12.161 we can deduce that the Schur elements of the 
characters Xki ''^^'^ xti {0 < k < I < d) have the same valuation and the same 
degree for any cyclotomic specialization (j). 

For the same reasons, we have that 

• if ao fli, then 

o-xo.k = "xi^fc and A^„^^ = A^^^^ for aU < j < 1, < fc < d, 

• if feo = ^1, then 

O'x^ok = Oxafc and A^,^, = A^.^, for all < i < 1, < fc < d, 

• if Cfc = Q {0 < k < I < d), then 

^Xijk — ^Xiji and A^..^ = A^..^ for all < i, j < 1, 
a 1,2 = a 1,2 and A 1,2 = A 1,2 for all m G {0, 1, . . . , — 1} \ {fc, I}. 

Now let us suppose that — ai_i + bj — bi^j + — c; = 0, with i,j G {0, 1}, 
k,l G {0,1, ■■■ ,d — 1} and k < I. We have to show that 

Ov 1, = Ovi 1 , = a 1,2 and A^. ., — A^, . , . , = A 1,2 . 

Xijfc Al-i,l-j,/ Xki Xijk Xl-i,l-j,I Xki 

Due to Proposition 12. 141 it suffices to show that 

ax,jk = axi-..i-,,i = 
Using the notations of Proposition l2.161 Theorem 14. II implies that 

El~io,m5:^fc[(Cfc - Cm)" + (a^ - ai_, + bj - + Cfc - C,n)-], 

«xi-,i-,,; = - + ih-j - b.j)- + 

Em"io,m#J(ci - C,n)" + {ai-t - flj + 6l-j - b-j + Q - €,„)"], 

= Ef„=Vm#fc,;[(cfe - c„0" + (q - c,„)-] + 
(l/2)-Eh=o[("'«^"i-'i + ^'«^^i-'» + '^'^^'^')" + (ah.-ai-h. + fei-/i.-^/i + Ci-Cfe)"]. 

Since — ai_i + fej — -I- Ck — q = 0, the above relations give 

flx.^fc = (a, - ai-^)- + {b.j - bi^j)- + Ylt^lo,yn^k[ick - c™)" + (q - c,„)-], 

axi-..i-,,i = {al-^-ai)- + - 6j)" + El~io, rn#; K^i " c^)" 4- (cfc - c™)"], 
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where 

D 



(a, - ai_i) + {b.j - 5i_j) + (cfe - q) , if i = j, 
(ai_j - fli)" + - + [ci - Cfc)-, if i ^ j. 



Obviously, if i = j, then 0,^1,2 = a^..^ and if z ^ j, then 0^1,2 = a^j_.j^_^. 
Therefore, it is enough to show that a^.^^ = a^i-i i-j i > that 

Since — (— n)^ = ri, for all n G Z and a.; — ai_i + 6j — 5i_j + cj, — c; =0, the 
above equality holds. ■ 



4.2 Rouquier blocks for G{2pd, 2p, 2) 

Let p,d> 1. We denote by Ti2pd,2p,2 the generic Hecke algebra of G{2pd, 2p, 2) 
generated over the Laurent polynomial ring in d + 4 indeterminates 

^[^0, ^T^i^^i ^jYo, Ya ^,Yi,Yj^ ^, Zq, ^, Zi, Z^^ . . . , Zd-i, Zj^\], 
by the elements S, T, U satisfying the relations 

• {S^Xo){S-Xi) = iT-Yo)iT-Yi) = {U-Zo){U-Zi) ■ ■ ■ (U-Zd-i) = 0. 

• STU = UST, TUS(TS)P-^ = U{STY. 
Let 

r x.^i-iyq'^^ (o<i<i), 

d : I Yj^ {-lyq''^ (0 < i < 1), 
[ Zk^CU"" iO<k<d). 

be a cyclotomic specialization for Ti.2pd.2p,2- In order to determine the Rouquier 
blocks of {H.2pd,2p.2){)i we might as well consider the cyclotomic specialization 

r X, (-l)'gP"- (0<i<l), 
cj) :\ Y,^ {-lyqP^^ (0 < J < 1), 
[ Zk^CW" {0<k<d). 

Since the integers {ai,bj,Ck} and {pai,pbj,pci;} belong to the same essential 
hyperplancs for G{2pd, 2p, 2), Proposition 1 2 . 1 31 implies that the Rouquier blocks 
of {Ti.2pd.2p,2)-8 coincide with the Rouquier blocks of {'H2pd.,2p,2)ci>- 

We now consider the generic Hecke algebra Tipd of G{2pd, 2, 2) generated 
over the ring 

Z[xo,XQ^,xi,x^^,yQ, % \ yi, ^o, Zo"\ 21, • ■ • > Zpd-i, Zpd-i\ 

by the elements s, t, u satisfying the relations described in the definition of sec- 
tion 4.2. Let 

r x^ ^ {-lyqP"^ {0<i< 1), 

<!>'■■ I yj^i-iyqP'^ (0<j<i), 

[ Zk>-^ CpaQ^'' (0 < fc < pd, Ck ■- Cfcmodd)- 
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be the "corresponding" cyclotomic specialization for Tipd- Set H := {'Hpd)ci,' 
and let H be the subalgebra of H generated hy s,t and u^. We have 

fc=0 

Then (as stated in [1^, Proposition 3.9) [1], Proposition 1.16 implies that the 
algebra {Ti.2pd.2p, 2) 4, is isomorphic to the algebra 'H via the morphism 

5 I— > s, T i-^ <, [/ I— > vF . 

Under the assumptions 12.11 the algebra Ti is of rank {2pd)^, whereas the 
algebra "H is of rank {2pdY /p. It is immediate that 

Proposition 4.5 The algebra Ti. is a free Ti -module with basis {1, u, . . . , uP~^}, 
i.e., 

n^Ti^uHO-'-^uP-'^H. 

Again under the assumptions 12.11 the algebra Ti is symmetric and is a 
symmetric subalgebra of Ti. In particular, following Definition 11.101 Ti is the 
twisted symmetric algebra of the cyclic group of order p over Ti (since u is a 
unit in Ti). Therefore, we can apply Proposition 11.151 and obtain (using the 
notations of section 1.3) the following. 

Proposition 4.6 If G is the cyclic group of order p and K := Q{C2pd), then 
the block-idempotents of {ZTZK{q)Ti)^ coincide with the block-idempotents of 
{ZTZKiq)Ti)'~^ , where TZxiq) is the Rouquier ring of K . 

The action of the cyclic group of order p on lrY{K {q)Ti) corresponds to 
the action 

Xi,j,k ^ Xi,jM+d (0 < i, j < 1) (0 < A: < pd), 
xlj ^ xlid,i+d {0 <k <l <pd), 

where all the indexes are considered modpd. With the help of the following 
lemma, we will show that the Rouquier blocks of Ti are stable under the action 
of G^. Here the results of Theorem 23] are going to be used as definitions. 

Lemma 4.7 Let ki, k2 and k^ be three distinct elements of {0, \, . . . ,pd — 1}. 
// the blocks of TZK{q)Ti are unions of the Rouquier blocks associated with the 
(not necessarily essential) hyperplanes Ck^ ~ Gfc^ and Gfej = Gfcj, then they are 
also unions of the Rouquier blocks associated with the (not necessarily essential) 
hyperplane Gfc, = Ck^ . 

Proof: We only need to show that 

(a) the characters Xi.jM ^^'^ Xi.jM are in the same block of TZK{q)Ti for all 
0<^,J<1, 

(b) the characters Xfef™ and Xfcfm ^-"^^ same block of TZK{q)Ti for all 
< m < pd with m ^ {fci, k^}. 

Since the blocks of TZK{q)Ti are unions of the Rouquier blocks associated with 
the hyperplanes Cki = G^^ and Ck2 = Gfcg, Theorem 14.31 yields that 
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(1) the characters Xi,j,ki and XijM are m the same block of TZK{q)'H for all 
0<i,J<l, 

(2) the characters XijM and Xi,j.ka are in the same block of TZK{q)'H for all 
0<i,j<l, 

(3) the characters Xkfm ^^^'^ Xkfm ^'^^ same block of TZK{q)TC for all 
< m < pd with m ^ {ki, k2}, 

(4) the characters Xfcfm Xfe^m ^'^^ t'^*^ same block of TiKiq)^. for all 
< m < pd with m ^ {fc2, fcs}. 

We immediately deduce (a) for all < i, j < 1 and (b) for all < m < pd with 
m ^ {^1,^25^3}- Finally, (3) implies that the characters Xkfk^ ^^^'^ Xkfka 
in the same block of 7?.if (g)7Y, whereas by (4), Xkfk2 ^^"^ ^fef fcs 
same block of TZK{q)'H. Thus, the characters Xk'ik2 ^^'-^ ^k^k^ belong to the 
same Rouquier block of 7i. ■ 



Theorem 4.8 The blocks of1ZK{q)'H are stable under the action of . 

Proof: Following Proposition l2.13l the Rouquier blocks of H are unions of 
the Rouquier blocks associated with all the essential hyperplanes of the form 

Ch+md = Ch+nd {0 < h < d, < m < n < p). 

Recall that the hyperplane Ch+md = Ch+nd is actually essential for C{2pd, 2, 2) 
if and only if the element Cp^""^ - Cpd'"'' belongs to a prime ideal of Z[C2pd], 
i.e., if and only if the element ^™ — Q belongs to a prime ideal of Z[C2pd]- 

Suppose that p = P*iP*2 " ' 'P*/ ^ where the pi are distinct prime numbers. 
For s e {l,2,...,r}, we set kg := p/pl'. Then gcd(/is) = 1 and by Bezout's 
theorem, there exist integers {gs)i<s<r such that '^s=i 9s^s = 1- The element 
1 — (^1=''= belongs to all the prime ideals of 'Z[(2pd] lying over the prime number 
Ps. Let He {0, 1, . . . , d — 1} and m <E {0, 1, ... ,p — 2} and set 

^0 rn and Ig := {Ig-i + Qshg) modp, for all s (1 < s < r). 

We have that the element Cp ^^ ~ Cp ~ Cp ^^ ~ Cp"'^" ) belongs to all the prime 
ideals of Z[C2pd] lying over the prime number ps. Therefore, the hyperplane 
Ch+u^id = Ch+ud is essential for C{2pd,2,2) for all s (1 < s < r). Since 
If) ^ m and Ir = m + 1, Lemma 14.71 implies that the Rouquier blocks of H. are 
unions of the Rouquier blocks associated with the (not necessarily essential) 
hyperplane 

Ch+md — Ch+{m+l)di 

following their description by Theorem 14.31 Since this holds for all m (0 < m < 
p — 2), Lemma 14.71 again implies that the Rouquier blocks of Ti are unions of 
the Rouquier blocks associated with all the hyperplanes of the form 

Ch+md = Ch+nd (0 < m < 71 < p), 

for all h{0 < h < d). We deduce that 
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(1) the characters {xi,j,h+md)o<m<p belong to the same block oi TZK{q)'H, for 
all < i, j < 1 and < /i< d, 

(2) the characters {Xh+rad h+nd)o<m<n<p belong to the same block of TiK{q)'H, 
for aU < /i< d, 

(3) the characters {x^^+md h'+nd)o<m,n<p belong to the same block of TZK{q)'H, 
for a\lO<h<h' < d. 

Hence, the blocks of TZK{q)'H are stable under the action of G^. ■ 
Following Theorem 14.81 Proposition 14.61 now gives: 

Corollary 4.9 // G is the cyclic group of order p and K := Q(C2p(i), then 
the block-idempotents of {ZTZK{q)'H)'~^ coincide with the block-idempotents of 
1lK{q)n. 

Now, let X G Irr{K{q)'H). Using the notations of Proposition II. 121 we have 
that = p- Since |0| = p, we obtain that |f2| = 1 and thus e(x) is fixed by 

the action of G. Therefore, the block-idempotents of TZK{q)'H are also fixed by 
the action of G. Consequently, we obtain the following. 

Proposition 4.10 The block-idempotents of TZK{q)'H coincide with the block- 
idempotents of TZKiq)'H. 

Thanks to the above result, in order to determine the Rouquier blocks of 7i, 
it suffices to calculate the Rouquier blocks of Ti, and restrict all the characters 
to H. The Rouquier blocks of H can be obtained with the use of Theorem 14.31 

Now, 

• the description of the Rouquier blocks of H by Proposition l4.91 

• the relation between the Schur elements of Ti and the Schur elements of 
H given by Proposition 1 1.1 21 

• and the invariance of the integers and on the Rouquier blocks of 
7i, resulting from Proposition 14.41 imply that 

Proposition 4.11 The valuations and the degrees of the Schur elements 
are constant on the Rouquier blocks ofH. 
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